Abstract
Introduction
Recently a growth of interest to D = 11 sypergravity [1, 2] arouse. This growth was stimulated mainly by a suggestion that there exists a new "fundamental" theory, so-called "M-theory" [4] - [6] , which generalizes all known string theories [3] and whose low energy limit is D = 11 supergravity. M -theory describes (amongst other things) two supersymmetric extended objects: supermembrane (with two spatial dimensions) and superfivebrane (with five spatial dimensions). There exists also a conjecture about existing of other fundamental 12-dimensional theory, so-called F -theory [7] .
Exact solutions, especially so-called p-brane solutions [9] - [33] play a rather important role in investigation of superstrings in various dimensions and its relation to M -theory.
A simplest p-brane solution has the following form [9] , [15] - [17] g
where m, n = 0, . . . , p; α , β are some parameters and H = H(x) is harmonic function. Here p = 1 corresponds to string, p = 2 to membrane etc. For p = 0 in (1.1) we usually get an extremal black hole or multicenter generalization a la Majumdar-Papapetrou [34] . The solution (1.1) occurs in the model with (1 + p)-form A "proportional" to the volume form on R 1+p . In this paper we consider the generalization of the solutions (1.1) to multimembrane case for arbitrary dimension, when the action of the model (see (2.1) below) contains metric, set of dilatonic scalar fields ϕ I and (antisymmetric) forms A I , I ∈ Ω, interacting by exponential dilatonic coupling. Actions of such type effectively occur in various supergravity models [1, 2, 22] , when certain classes of pure bosonic solutions are considered. Here we consider the "multidimensional space-time" in the product form M = M 0 × n i=1 M i , where M 0 is "our space" and M i (i ≥ 1 ) are internal (originally Einstein) spaces. All manifolds M ν , ν ≥ 0 are oriented and connected. We say that the submanifold M I = M i1 × . . . × M i k , 1 ≤ i 1 < . . . < i k ≤ n, forms a p-brane if there exists a solution with a non-zero form A I "proportional" to the volume form of M I (see (2.17) ). We consider the simplest case when scale factors of the metric and all fields depend (essentially) on the point of M 0 , i.e. the isotropic case is considered. The solutions of such type (mainly with flat internal spaces M i ) governed by several harmonics functions are intensively studied in literature (see, for example, [18] - [23] ). But, to our knowledge, authors do not use regular (general) schemes for obtaining such solutions. For example, in [19] a lot of interesting overlapping supersymmetric p-brane solutions were obtained using so-called "harmonic function rules" (inspired by supersymmetry arguments).
In this paper we consider a general scheme based on σ -model approach. (The σ -model corresponding to pure gravitational isotropic model with n Einstein internal spaces was studied in [35] - [38] . Thus, here as in ref. [38] we extend our investigations of multidimensional cosmology [43] to gravitational case.) In Sect.
2 we describe the model and obtain its σ -model representation. In Sect. 3 the non-exceptional case d 0 = dimM 0 = 2 is considered. In this case the EinsteinPauli (EP) frame exists [35] - [38] . When all internal spaces M i are Ricci-flat and cosmological term is zero, the σ -model in EP frame has a rather simple form allowing to obtain certain "Majumdar-Papapetrou (MP) type" solutions (see Proposition 1) and as a consequence to get a family of "MP-type" solutions in the considered model (3.35)-(3.41). The solutions are labelled by sets Ω * ⊂ Ω, where Ω is defined in (2.16).
We get restrictions on dilatonic couplings, dimensions of membranes d(I) = dimM I and its signature parameters ε(I) = ±1 (2.31), I ∈ Ω * . In Sect. 4 we present the metric in the form generalizing Tseytlin's "harmonic function rules". We also consider some special classes of solutions: i) in arbitrary dimensions (based on solutions of two Diophantus equations); ii) for D = 11 supergravity (e.g. solution with seven Euclidean intersecting 2-branes). We also consider the "multi-block" generalization of the solutions from refs. [32, 33] containing the maximal p-brane (or monopole in dual version).
The model
We consider the model governed by the action
where g = g MN dz M ⊗ dz N is the metric, ϕ I is dilatonic scalar field,
is n I -form (n I ≥ 2 ) on D -dimensional manifold M , Λ is a cosmological constant and λ JI ∈ R , I, J ∈ Ω. In (2.1) we denote |g| = | det(g MN )|,
I ∈ Ω, and S GH is the standard Gibbons-Hawking boundary term [42] . This term is essential for a quantum treatment of the problem. Here Ω is a non-empty finite set. The action (2.1) with Λ = 0 and equal n I was considered recently in [25] . (For supergravity models with different n I see also [22] )
The equations of motion corresponding to (2.1) have the following form
6)
I, J ∈ Ω. In (2.4)
where
8) 10) with the metric
is a metric on the manifold M 0 and
is a metric on M i satisfying the equation
We claim any manifold M ν to be oriented and connected, ν = 0, . . . , n. Then the volume d i -form 14) and signature parameter
are correctly defined for all i = 1, . . . , n.
Let Ω from (2.1) be a set of all ordered (non-empty) subsets of (1, . . . , n), i.e.
Clearly, that the number of elements in Ω is |Ω| = 2 n − 1 .
where functions Φ I : M 0 → R are smooth, I ∈ Ω, and τ i are defined in (2.14). In components relation (2.17) reads
is dimension of the oriented manifold 20) and indices P 1 , . . . , P d(I) correspond to M I . It follows from (2.17) that
or, in components,
It follows from (2.21) that
Remark 1. It is more correct to write in (2.11)ĝ α instead g α , whereĝ α = p * α g α is the pullback of the metric g α to the manifold M by the canonical projection: p α : M → M α , α = 0, . . . , n. Analogously, we should writeΦ I andτ i instead Φ I and τ i in (2.17) and (2.21) respectively. In what follows we omit all "hats" in order to simplify notations.
For dilatonic scalar fields we put
24)
I ∈ Ω. Thus, we consider Ansatz when all fields are essentially depending on points of M 0 . The nonzero Ricci tensor components for the metric (2.11) are following [38] 
Here ∂β ∂γ ≡ g 0 µν β ,µ γ ,ν and ∆ 0 is the LaplaceBeltrami operator corresponding to g 0 . The scalar curvature for (2.11) is [38] 27) where
Using (2.25) and (2.26), it is not difficult to verify that the field equations (2.4)-(2.6) for the field configurations from (2.11), (2.21) and (2.24) may be obtained as the equations of motion corresponding to the action
| and similar notations are applied to the metrics g i , i = 1, . . . , n. In (2.30)
For finite internal space volumes (e.g. compact M i ) 33) where g = g(g 0 , γ, φ) and F = F (Φ) are defined by the relations (2.11) and (2.21) respectively and
This may be readily verified using the following relation for the scalar curvature (2.27) [38] :
gives rise to the Gibbons-Hawking boundary term
We note that the second term in (2.30) appears due to the following relation (see (2.22))
Exact solutions
Let us consider the case d 0 = 2 . In order to simplify the action (2.29), we use, as in ref. [38] , for d 0 = 2 the gauge
It means that f = f (γ 0 , φ) = 0 , or the conformal Einstein-Pauli frame is used. (This frame does not exist for d 0 = 2 .) For the cosmological case d 0 = 1 , g 0 = −dt ⊗ dt and (3.1) corresponds to the harmonictime gauge [39, 40] . ¿From (2.29), (2.30), (3.1) we get
are the components of the ("pure gravitational") "midisuperspace" metric on R n [38] (or gravitational part of target space metric), i, j = 1, . . . , n, and
is the potential. Thus, we are led to the action of a self-gravitating σ model on M 0 with a (n + 2|Ω|)-dimensional target space (|Ω| = 2 n − 1 ) and a selfinteraction described by the potential (3.4) .
σ -model with zero potential.
Now we consider the case λ i = Λ = 0 , i.e. all spaces (M i , g i ) are Ricci-flat, i = 1, . . . , n, and cosmological constant is zero. In this case the potential (3.4) is trivial V = 0 and we are led to the σ -model with the following action.
where we put 2κ
is N × m-matrix with
The equations of motion corresponding to the σ -model action (3.5) are following
11)
A = 1, . . . , N ; I ∈ Ω. Now we present a special class of solutions to field equations (3.9)-(3.11) (of Majumdar-Papapetrou type). Proposition 1. Let Ω * ⊂ Ω be a non-empty set of indices such that there exist a set of real non-zero numbers ν I , I ∈ Ω * (ν I ∈ R \ {0} ) satisfying the relations
12)
I, J ∈ Ω * . Then the following field configuration
14) I ∈ Ω * . In (3.17) we use the notation (Ĝ AB ) = (Ĝ AB ) −1 . The Proposition 1 may by proved immediately by a substitution of (3.12)-(3.18) into the equations of motion (3.9)-(3.11).
Note that the relation (3.12) may be written in the following form
19)
I, J ∈ Ω * , where
is non-degenerate (real-valued) quadratic form. Thus, due to (3.19) the set of vectors (L I , I ∈ Ω * ) is orthogonal one and any (L I , L I ) have the opposite sign to ε(I), I ∈ Ω * . Clearly, if quadratic form (3.21) is positively definite (for our model this takes place for d 0 > 2 ), then ε(I) < 0 for all I ∈ Ω * . Now, we apply the Proposition 1 to the considered here model with Ricci-flat spaces (M i , g i ), i = 1, . . . , n, and zero cosmological constant. From (3.6), (3.7) and (3.21) we get
22)
I, J ∈ Ω, where vectors
are defined in (3.8) and
24)
I ∈ Ω (m = |Ω|). In (3.22)
is a quadratic form on R n . Here, as in [38] ,
are components of the matrix inverse to the matrix (G ij ) in (3.3). The calculation gives us the relation
27)
I, J ∈ Ω. Here, like in relation i ∈ I , we identify the ordered set I = (i 1 , . . . , i k ), i 1 < . . . < i k , with the corresponding set {i 1 , . . . , i k } . In (3.27) d(∅) = 0 . Due to (3.19) , (3.22) and (3.27) the relation (3.12) reads
I, J ∈ Ω * . For coefficients α A I from (3.17) we get
J ∈ Ω; i = 1, . . . , n. These relations imply for γ from (3.1)
34)
I ∈ Ω * .
The solution.
Thus we obtained the following solutions to equations of motion (2.4)-(2.6) with Λ = 0 defined on the manifold (2.10): 
40) Due to (3.37)
for all I ∈ Ω * . Proof. Let us suppose that ε(I) = 1 for some I ∈ Ω * . Then due to (3.28)
or, equivalently,
where here and below Thus, it follows from Proposition 1 and Remark 2 that the case of negative ε(I) is rather general one.
Special solutions
In this section we consider the solutions with ε(I) = −1 for all I ∈ Ω * . From (3.29), (3.34) and (3.35) we get in this case
Here we put for simplicity c 0 = c i = 1 in (3.35). (As usual ∅ . . . ≡ 1 ). Relations (3.28) read Here we consider the case, when
4)
I, J ∈ Ω * . ¿From (4.3) we get
Here an interesting problem arises: for given n and
Remark 3. It follows from (4.5) that I ∩J = ∅ for all I, J ∈ Ω * , i.e. any two membranes are intersecting. In D = ∞ case, when all sets are finite, we obtain I ∩ J = ∅ , I = J , I, J ∈ Ω * (membranes are nonintersecting).
Here we consider a simple configuration for n ≥ 3 :
(4.8) (The condition (3.43) is satisfied in this case. Then (4.5) reads
This equation with the relation for total dimension
form a set of Diophantus equations. Proposition 3. The set of Diophantus equations (4.9) and (4.10) has a solution if and only if in prime number decomposition of D − 2 :
there exists a power k i ≥ 2 (for some i ∈ {1, . . . , l} ). Proof. Necessity. Let us suppose an opposite: all k i = 1 . Then (d+d n ) 2 and hence d+d n is divided by any p i , i ∈ {1, . . . , l} or, equivalently,
Clearly, that (4.12) is impossible.
Sufficiency. Here we present the solution of eqs. (4.9), (4.10). Let 14) where ω ⊂ ω 2 and powers s α satisfy to relations
is integer part of x). Then, the dimensions The solution (4.1) for dimensions from (4.16)-(4.18) has the following form 20) where
and λ i = λ (i,n) , i = 1, . . . , n − 1 . Now we consider few examples. D = 6. From (4.16)-(4.18) we get ∈ Ω * , and we have (n − 1) 3-forms generating (n − 1) intersecting membranes. The case d 0 = 3, n = 3 , g 0 = dx 1 ⊗ dx 1 + dx 2 ⊗dx 2 +dx 3 ⊗dx 3 , g 3 = −dt⊗dt is of special interest for "physical applications" (x i are space coordinates, and t is time). D = 10. We get 25) where
This solution with g n = −dt⊗dt and flat Euclidean metrics g 0 , . . . , g n−1 was considered in [19] (n = 3, 4 ), [20] (n = 2, 3, 4, 5 ) and [23] (n = 5 ).
Systems with maximal element
Let us consider another example
where I 0 = {1, . . . , n} is maximal element and 27) k ∈ N. We put
and ε(n) = 1 if n = 2k . In this case all ε(I) = −1 , 32) i, j = 1, . . . , n 1 . ¿From (4.1) we get the solution for the metric
The solution (4.33) with n = 2 (and one scalar field) was considered recently in [33] (see also [32] for special parameters). Some special cases of the n = 2 solution were considered also in [14] (D = 4 ) , [28, 26, 29] (D = 10, d 0 = 2 ).
We also note, that in ref. [41] the solution (4.33) with n = 2 , d 1 = 1 , H 0 = 1 , g 1 = −dt ⊗ dt and flat Euclidean metric g 0 was generalized to the case of non-zero cosmological constant Λ . The solution [41] for certain couplings describes a collection of multidimensional extremal dilatonic black holes "living" in expanding Universe (in the presence of Ricci-flat internal space).
Dual representation. Monopole
Any F I -term in the action (2.1) may be presented in the following form
where [19, 18, 20] . In this case the relation for the metric (4.1) is nothing more than Tseytlin's "harmonic function rule" [19] obtained from supersymmetry arguments.
The 4-form due to relation F 4 ∧ F 4 = 0 , equations of motion and Bianchi identities for F I , I ∈ Ω * . We note, that all solutions in D = 11 supergravity with overlapping 2-and 5-branes (d(I) = 3, 6 ), considered in literature (see [19, 18, 20] and refs. therein), may be readily incorporated into considered scheme. For example, three 5-brane solution [19] corresponds to n = 4 , d 0 = 3 , d 1 = d 2 = d 3 = d 4 = 2 , ε(1) = ε(2) = ε(3) = −ε(4) = 1 , Ω * = { (2, 3, 4), (1, 3, 4), (1, 2, 4 )} .
Here we present an interesting special solution of D = 11 supergravity 
